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RELATIVE GROMOV–WITTEN INVARIANTS AND THE
ENUMERATIVE MEANING OF MIRROR MAPS FOR
TORIC CALABI–YAU ORBIFOLDS
FENGLONG YOU
Abstract. We provide an enumerative meaning of the mirror maps for
toric Calabi–Yau orbifolds in terms of relative Gromov–Witten invariants
of the toric compactifications. As a consequence, we obtain an equality
between relative Gromov–Witten invariants and open Gromov–Witten in-
variants. Therefore, the instanton corrected mirrors for toric Calabi–Yau
orbifolds can be constructed using relative Gromov–Witten invariants.
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1. Introduction
1.1. Overview. Gromov–Witten theory can be considered as an enumera-
tive theory that ”virtually” counts number of curves in smooth projective
varieties with prescribed conditions. Gromov–Witten invariants play crucial
roles in mirror symmetry. Mirror theorems can usually be stated as a relation
between generating functions of genus zero Gromov–Witten invariants and
period integrals of the mirrors. Mirror theorems have been proved for many
targets since the proof of mirror theorem for quintic threefolds by Givental
[22] and Lian–Liu–Yau [37]. Lots of structural properties, such as quantum
cohomology and Givental’s formalism [24], have been developed.
On the other hand, relative Gromov–Witten theory provides ”virtual”
counts of curves with prescribed tangency conditions along a divisor. The
foundations of relative Gromov–Witten theory were developed by Li–Ruan
[34], J. Li[36] and Ionel–Parker [29] about two decades ago, but the similar
structural properties and mirror theorems had not been explored until re-
cently. In this section, we give a brief review of some recent developments
in relative Gromov–Witten theory.
While relative Gromov–Witten invariants are difficult to compute and the
structural properties were missing, orbifold Gromov–Witten invariants have
been studied intensively since Chen–Ruan[13], Abramovich–Graber–Vistoli
[3], [4] and Tseng [39]. Lots of the structural properties and mirror theorems
for Gromov–Witten theory of varieties were generalized to orbifolds. Let X
be a smooth projective variety and D be a smooth divisor of X . When r is
a sufficiently large integer, an equality between genus zero orbifold Gromov–
Witten invariants of the r-th root stack XD,r and relative Gromov–Witten
invariants of (X,D) was proved by Abramovich–Cadman–Wise [2], which
generalized an earlier result of Cadman–Chen [9]. It provides a possibility
of using orbifold Gromov–Witten theory to study relative Gromov–Witten
theory. We will refer to such relation between relative and orbifold invari-
ants as relative/orbifold correspondence. The idea of using stacks to impose
tangency conditions goes further back to Cadman [8]. However, a counterex-
ample was provided by D. Maulik in [2] which shows that orbifold invariants
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of the r-th root stacks do not stabilize to relative invariants in genus one
when r is sufficiently large.
While the result in [2] is inspiring, there are several further questions
that need to be answered in order to study relative Gromov–Witten theory
from orbifold Gromov–Witten theory. From our perspective, there are three
immediate questions.
The first question is to find the relation between relative and orbifold in-
variants in higher genus. In joint work with H.-H. Tseng [40], [41], we proved
that orbifold invariants of the root stack XD,r are polynomials in r when r
is sufficiently large. Furthermore, the constant terms of the polynomials are
the corresponding relative invariants. This result indicates that it is possible
to study structures of higher genus relative invariants through the structures
of higher genus orbifold invariants.
The second question is how to build the structural properties for relative
invariants using orbifold invariants. Since relative invariants with positive
contact orders only correspond to orbifold invariants with small ages (when
r is sufficiently large), a generalization of relative Gromov–Witten theory is
required in order to bring structural properties of orbifold Gromov–Witten
theory to relative Gromov–Witten theory. In joint work with H. Fan and L.
Wu, we introduced genus zero relative invariants with negative contact orders
and then proved that they are equal to orbifold invariants of root stacks with
large ages markings. It results in several structural properties for relative
Gromov–Witten theory such as relative quantum cohomology ring, topolog-
ical recursion relation (TRR), WDVV equation, Virasoro constraint (genus
zero), Givental’s formalism etc. An application of WDVV equation for rel-
ative Gromov–Witten theory has been worked out in [19]. In a forthcoming
joint work with H. Fan and L. Wu [21], we will study structures of higher
genus relative Gromov–Witten theory.
The third question is how to obtain a mirror theorem for relative pairs. In
joint work with H. Fan and H.-H. Tseng [18], we proved a mirror theorem for
root stacks XD,r. By taking suitable limits to the I-functions for XD,r, we
obtained the I-functions for (X,D), hence a mirror theorem for relative pairs
(X,D). Passing from orbifold mirror theorems to relative mirror theorems
relies on the genus zero relative/orbifold correspondence in [2], [41] and [20].
1.2. Motivation. In this paper, we turn our attention to possible connec-
tions among relative Gromov–Witten theory, mirror maps, open Gromov–
Witten theory and mirror constructions. We are focusing our attention to
toric Calabi–Yau orbifolds.
For a Calabi–Yau manifold X and its mirror Xˇ, the Strominger-Yau-
Zaslow (SYZ) conjecture [38] asserts the existence of special Lagrangian torus
fibrations µ ∶ X → B and µˇ ∶ Xˇ → B which are fiberwise-dual to each other.
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SYZ mirror symmetry for toric Calabi–Yau manifolds was studied in [11]
and generalized to toric Calabi–Yau orbifolds in [10]. The SYZ mirror of X
needs to be modified by the instanton correction.
Following Auroux [5],[6], the instanton-corrected mirror of a toric Calabi–
Yau orbifold X was constructed in [10] where the instanton corrections are
given by genus zero open Gromov–Witten invariants which can be considered
as virtual counts of holomorphic orbi-disks in X bounded by fibers of the
Gross fibration. As an application, the SYZ map, defined in [10] in terms
of genus zero open Gromov–Witten invariants, is equal to the inverse of
the mirror map. Such an enumerative meaning of the inverse of the mirror
map was proved earlier in [12] for the total space of the canonical bundle
of a compact toric Fano variety. Such a relation between disk countings
and mirror maps was first observed by Gross-Siebert in [27, Conjecture 0.2]
for tropical disks. Furthermore, the generating functions of open Gromov–
Witten invariants for toric Calabi–Yau manifolds in [10] were proved to be the
same as the slab functions in Gross-Siebert program. The slab functions were
originally interpreted as counting tropical disks in [28]. A possible alternative
approach, originates in [26], via logarithmic Gromov–Witten theory was also
sketched in [28].
In this paper, we study an alternative way of counting holomorphic disks
using relative Gromov–Witten invariants. More specifically, given a toric
Calabi–Yau orbifold X , we consider the pair (X¯ ,D∞), where X¯ is a toric
compactification of X and D∞ ∶= X¯ ∖ X is a toric prime divisor of the com-
pactification X¯ . We consider relative Gromov–Witten invariants of (X¯ ,D∞)
with one relative marking. They can be considered as virtual counts of curves
in X¯ meeting the divisor D∞ at one point. Hence they can be considered as
holomorphic disk counts of X = X¯ ∖D∞ which is the complement of the divi-
sor D∞ in X¯ . The idea of using relative/log Gromov–Witten invariants as an
algebro-geometric version of disk countings can be seen in several literatures,
see, for example, [25].
1.3. Main results. Let β′ ∈ pi2(X ,L) be a basic (orbi-)disk class with
Chern–Weil Maslov index 2, where L is a Lagrangian torus fiber of the
moment map of the toric Calabi–Yau orbifold X . The genus zero open
Gromov–Witten invariant
nX1,l,β([pt]L;1v1 , . . . ,1vl)
is defined in [10, Definition 3.5], where β = β′ + α for some α ∈ Heff2 (X ).
On the other hand, there is a one-to-one correspondence between the ba-
sic (orbi-)disk classes and the rays of the stacky fan of the toric Calabi–Yau
orbifold X . The (orbi-)disk class β′ can be used to construct a toric compact-
ification X¯ of X by adding an extra ray (the negative of the ray corresponding
to β′) to the stacky fan, see Section 3.4 and [10, Section 6.1] for details. The
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toric compactification X¯ depends on the choice of β′. The compactification
introduces an extra toric prime divisor D∞ ∶= X¯ ∖X . We consider the follow-
ing generating functions for genus zero relative Gromov–Witten invariants:
1 + δreli ∶= ∑
α∈Heff
2
(X)
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α qα,
(1)
where β¯′ ∶= β′ + β∞ ∈ H2(X¯ ,Q), β′ = βi is a basic smooth disk class corre-
sponding to the primitive generator bi of a ray in the stacky fan Σ of X¯ , and
β∞ is the basic smooth disk class corresponding to the primitive generator
b∞ ∶= −bi of the extra ray;
τv + δ
rel
v ∶= ∑
α∈Heff
2
(X)
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α qα,
(2)
where β¯′ ∶= β′ + β∞ and β′ = βv is a basic orbi-disk class corresponding to a
box element v ∈ Box(Σ)age=1.
The computation of these invariants relies on the mirror theorem for rel-
ative pairs (X¯ ,D∞). Note that the mirror theorem for a pair (X,D) in [18]
requires X to be a smooth projective variety and D to be a smooth nef divi-
sor. We need a generalization of the result in [18] to orbifold pairs in order
to compute relative invariants of the toric orbifolds (X¯ ,D∞). We briefly
sketch the genus zero relative/orbifold correspondence with stacky targets
in Appendix A. In [18], the proof of the mirror theorem for pairs relies on
orbifold quantum Lefschetz principle in [39] and the mirror theorem for toric
stack bundles in [32]. Since orbifold quantum Lefschetz principle can fail for
positive orbifold hypersurfaces [17] and the mirror theorem in [32] requires
the toric stack bundles to have a smooth base, the result in Appendix A
does not imply a generalization of the mirror theorem for general orbifold
pairs. However, as we are working on the toric Calabi–Yau orbifold X¯ along
with the toric divisor D∞, the root stack X¯D∞,r is still a toric orbifold. We
can avoid the hypersurface construction in [18] and simply apply the mirror
theorem for toric stacks in [16]. By taking a suitable limit as in [18, Section
4], we obtain a mirror theorem for the pair (X¯ ,D∞), see Theorem 3.11.
Using mirror theorem for the pair (X¯ ,D∞), we obtain explicit formulas
for the generating functions of relative invariants of (X¯ ,D∞).
Theorem 1.1 (=Theorem 4.5). If β′ = βi0 is a basic smooth disk class
corresponding to the primitive generator bi0 of a ray in the stacky fan Σ of
X¯ , then we have
1 + δreli0 ∶= exp(−gi0(y(q, τ))),
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where gi0(y) is defined in (11); y = y(q, τ) is the inverse of the toric mirror
map of X in Proposition 4.4.
Theorem 1.2 (=Theorem 4.6). If β′ = βvj0 is a basic orbi-disk class corre-
sponding to a box element vj0 ∈ Box(Σ)age=1, then we have
τvj0 + δ
rel
vj0
∶= yD∨j0 exp⎛⎝− ∑i/∈Ij0 cj0igi0(y(q, τ))
⎞
⎠ ,
where gi0(y) is defined in (12); y = y(q, τ) is the inverse of the toric mirror
map of X in Proposition 4.4; D∨j0 is the class defined in (7); Ij0 ∈ A is the
anticone of the minimal cone containing bj0 = ∑i/∈Ij0 cj0ibi.
The above formulas for relative potentials coincide with the formulas for
open potentials. As a consequence, we have the following equality between
open invariants and relative invariants. Hence, these two ways of counting
disks coincide.
Theorem 1.3 (=Theorem 4.9). The following open invariants and relative
invariants are equal:
nX1,l,β′+α([pt]L,1v1 , . . . ,1vl) = ⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α ,
where β¯′ = β′ + β∞ and β′ ∈ pi2(X ,L) is either a smooth disk class or an
orbi-disk class.
Therefore, the SYZ mirror of the toric Calabi–Yau orbifold X can be con-
structed using relative Gromov–Witten invariants instead of open Gromov–
Witten invariants.
Theorem 1.4 (=Theorem 5.1). Let X be a toric Calabi–Yau orbifold equipped
with the Gross fibration, the SYZ mirror of X (with a hypersurface removed)
is the family of non-compact Calabi–Yau
Xˇq,τ = {(u, v, z1, . . . , zn−1) ∈ C2 × (C×)n−1∣uv = G(q,τ)(z1, . . . , zn−1)},
where
G(q,τ)(z1, . . . , zn−1) = m−1∑
i=0
Ci(1 + δreli )zbi +m
′−1
∑
j=m
Cvj(τvj + δrelvj )zvj ,
The SYZ mirror of X without removing a hypersurface is given by a
Landau-Ginzburg model (Xˇ ,W ), where W ∶ Xˇ → C is the holomorphic func-
tion W ∶= u.
It was proved in [33] that Gross–Siebert’s slab functions and generating
functions for open invariants coincide for toric Calabi–Yau manifolds. The
enumerative meaning of the slab functions is given in term of tropical disks
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in [28]. Hence, we conclude that the three ways (tropical, symplectic and
algebraic) of counting disks coincide.
The rest of the paper is organized as follows. In Section 2, we give a brief
review of the definition of relative Gromov–Witten invariants, the genus zero
relative/orbifold correspondence and the mirror theorem for relative pairs.
In Section 3, we first give a brief review of the definition of toric orbifolds
and mirror theorem for toric orbifolds. We also state mirror theorem for
orbifold toric pairs which will be used to compute relative invariants in Sec-
tion 4. In Section 3, we also give a brief review of open Gromov–Witten
invariants of toric orbifolds and toric compactifications of toric Calabi–Yau
orbifolds. In Section 4, we compute relative invariants of toric compatifica-
tions of toric Calabi–Yau orbifolds and prove that relative invariants provide
an enumerative meaning of the inverse of the mirror map. As consequences,
we show that open invariants are equal to relative invariants; and relative
invariants can be used to construct the instanton corrected mirror of toric
Calabi–Yau orbifolds. In Appendix A, we briefly sketch a proof of the genus
zero relative/orbifold correspondence with stacky targets.
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2. Relative Gromov–Witten theory
2.1. Definition. We begin with a brief review of the definition of relative
Gromov–Witten invariants. We refer to [34], [35], [36], and [29] for more
details about the construction of relative Gromov–Witten theory.
Let X be a smooth projective variety and D be a smooth divisor. For
d ∈ H2(X,Q), we consider a partition k⃗ = (k1, . . . , km) of ∫d[D]. That is,
m
∑
i=1
ki = ∫
d
[D], ki ∈ Z>0, for i ∈ {1, . . . ,m}.
We consider the moduli space M g,k⃗,n,d(X,D) of (m + n)-pointed, genus g,
degree d ∈ H2(X,Q), relative stable maps to (X,D) such that the first m
marked points are relative marked points whose contact orders with the divi-
sor D are given by the partition k⃗ and the last n marked points are interior
marked points. There are two types of evaluation maps corresponding to
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two types of markings. Let evi be the i-th evaluation map, then
evi ∶M g,k⃗,n,d(X,D) →D, for 1 ≤ i ≤m;
evi ∶M g,k⃗,n,d(X,D)→X, for m + 1 ≤ i ≤m + n.
There is a stabilization map s ∶ M g,k⃗,n,d(X,D) → M g,m+n,d(X). Let ψ¯i =
s∗(ψi) be the descendant class at the i-th marked point which is the pullback
of the descendant class from M g,m+n,d(X). Consider
● δi ∈H∗(D,Q), for 1 ≤ i ≤m.
● γm+i ∈ H∗(X,Q), for 1 ≤ i ≤ n.
● ai ∈ Z≥0, for 1 ≤ i ≤m + n.
Relative Gromov–Witten invariants of (X,D) are defined as
⟨ m∏
i=1
τai(δi) ∣
n
∏
i=1
τam+i(γm+i)⟩
(X,D)
g,k⃗,n,d
∶=
(3)
∫
[M
g,k⃗,n,d
(X,D)]vir
ψ¯a11 ev
∗
1(δ1)⋯ψ¯amm ev∗m(δm)ψ¯am+1m+1 ev∗m+1(γm+1)⋯ψ¯am+nm+n ev∗m+n(γm+n).
When X is a smooth proper Deligne–Mumford stack and D ⊂ X is a smooth
irreducible divisor, relative Gromov–Witten invariants of orbifold pairs (X ,D)
can be defined in a similar way.
2.2. Relative/orbifold correspondence. The invariants that are natu-
rally related to the relative invariants of (X,D) are the orbifold invariants
of the r-th root stack XD,r for a sufficiently large integer r. The relationship
between them has been studied in [2],[40], [41] and [20].
The evaluation maps for orbifold Gromov-Witten invariants land on the
inertia stack of the target orbifold. The coarse moduli space of the inertia
stack of the root stack XD,r can be decomposed into disjoint union of r
components
I(XD,r) = X ⊔r−1i=1 D,
where there are r − 1 components, called twisted sectors, isomorphic to D.
The twisted sectors Dr of the inertial stack IXD,r are µr-gerbes over D.
Twisted sectors are labeled by rational numbers called ages.
The relative conditions can be translated to orbifold conditions as follows,
we consider the moduli space M g,k⃗,n,d(XD,r) of (m + n)-pointed, genus g,
degree d, orbifold stable maps to XD,r whose orbifold conditions are given
by the partition k⃗ as follows.
● for 1 ≤ i ≤m, the coarse evaluation map evi at the i-th marked point
lands on the twisted sector D with age ki/r. These marked points
are orbifold marked points.
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● the coarse evaluation maps evi at the last n marked points all land on
the identity component X of the coarse moduli space of the inertia
stack I(XD,r). These marked points are interior marked points.
Orbifold Gromov–Witten invariants of XD,r are defined as
⟨ m∏
i=1
τai(δi)
n
∏
i=1
τam+i(γm+i)⟩
XD,r
g,k⃗,n,d
∶=
(4)
∫
[M
g,k⃗,n,d
(XD,r)]vir
ψ¯a11 ev
∗
1(δ1)⋯ψ¯amm ev∗m(δm)ψ¯am+1m+1 ev∗m+1(γm+1)⋯ψ¯am+nm+n ev∗m+n(γm+n),
where the descendant class ψ¯i is the class pullback from the corresponding
descendant class on the moduli space M g,m+n,d(X) of stable maps to X .
We refer to [1], [3], [4], [13] and [39] for more details about orbifold
Gromov–Witten invariants.
The relationship between genus zero relative invariants of (X,D) and orb-
ifold invariants of XD,r is proved in [2]. The relationship between higher
genus relative and orbifold invariants is proved in [40] and [41]. For the
purpose of this paper, we only state the genus zero case.
Theorem 2.1 ([2], Theorem 1.2.1; [41], Theorem 5.1). Let X be a smooth
projective variety and D a smooth divisor. For a sufficiently large r, genus
zero relative and orbifold invariants coincide:
⟨ m∏
i=1
τai(δi) ∣
n
∏
i=1
τam+i(γm+i)⟩
(X,D)
0,k⃗,n,d
= ⟨ m∏
i=1
τai(δi)
n
∏
i=1
τam+i(γm+i)⟩
XD,r
0,k⃗,n,d
.
Since we will study relative invariants of toric compactification of toric
Calabi–Yau orbifolds, we will need to generalize the result of Theorem 2.1
to the case when X is a smooth Deligne–Mumford stack.
Theorem 2.2. Let X be a smooth proper Deligne–Mumford stack and D ⊂ X
a smooth irreducible divisor. Genus zero relative and orbifold invariants
coincide when r is sufficiently large. That is
⟨ m∏
i=1
τai(δi) ∣
n
∏
i=1
τam+i(γm+i)⟩
(X ,D)
0,k⃗,n,d
= ⟨ m∏
i=1
τai(δi)
n
∏
i=1
τam+i(γm+i)⟩
XD,r
0,k⃗,n,d
.
The proof of Theorem 2.2 follows from the ideas in [41]. In Appendix
A, we provide a sketch of the proof of Theorem 2.2. More details of the
proof will appear in the a forthcoming work with H.-H. Tseng [42] where we
will prove the relationship between all genera relative and orbifold invariants
with stacky targets. Readers who do not want to assume Theorem 2.2, may
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restrict their attention to the computation for toric Calabi–Yau manifolds
instead of toric Calabi–Yau orbifolds in Section 4.
2.3. Mirror theorem for relative pairs. In [18], a mirror theorem for rel-
ative pairs was stated in the language of Givental’s Lagrangian cone which
was recently developed in [20] for relative Gromov–Witten theory. [18, The-
orem 1.4] states the relative mirror theorem with non-extended I-functions
which relates to relative Gromov–Witten invariants with one relative mark-
ing (hence, with maximal tangency condition). [18, Theorem 1.5] states the
relative mirror theorem with extended I-functions which relates to relative
Gromov–Witten invariants with more than one relative markings with possi-
bly negative contact orders. In this paper, we only need to consider relative
Gromov–Witten invariants with one relative marking. Therefore, we will
only state (a version of) [18, Theorem 1.4].
Definition 2.3. Let X be a smooth projective variety and D be a smooth
nef divisor, the (non-extended) J-function for the pair (X,D) is defined as
J(X,D)(q, z) = 1 + ∑
(d,l)≠(0,0)
d∈Heff2
(X )
∑
α
qd
l!
⟨ φα
z(z − ψ¯) , τ, . . . , τ⟩
(X,D)
0,1+l,d
φα,
where τ ∈H∗(X); {φα} is a basis of the ambient cohomology ring i∗(H∗(X))
of H∗(D), that is, the pullback of H∗(X) via the inclusion map i ∶ D ↪ X ;{φα} is the dual basis under the Poincare´ pairing.
Note that, the markings with insertion τ ∈ H∗(X) are interior markings,
in other words, not relative markings. Therefore, the only relative marking
is the distinguish marking (the first marking). The only relative marking
has to carry maximal contact order: D ⋅ d. We still call the first marking a
relative marking even when D ⋅ d = 0.
Then we consider the corresponding (non-extended) I-function.
Definition 2.4. The (non-extended) I-function of the smooth relative pair(X,D) is
I(X,D)(y, z) = ∑
d∈Heff
2
(X)
JX,d(τ, z)qd ( ∏
0<a≤D⋅d−1
(D + az)) ,
which is considered as an H∗(D)-valued function under the restriction map
i∗ ∶ H∗(X)→H∗(D).
Theorem 2.5. Let X be a smooth projective variety and D be a smooth nef
divisor such that −KX −D is nef. Then the I-function I(X,D)(y, z) coincides
with the J-function J(X,D)(y, z) via change of variables, called mirror map.
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Remark 2.6. In [18], the I-function and the J-function both take value in
the infinite dimensional state space
H =⊕
i∈Z
Hi,
where H0 = H∗(X) and Hi = H∗(D) if i ∈ Z ∖ {0}. The non-extended I-
function and the non-extended J-function actually take value in ⊕i∈Z<0 Hi,
where each copy Hi is H∗(D). In Theorem 2.5, we simply identify each Hi
with the same H∗(D) for i ∈ Z<0.
Remark 2.7. The proof of Theorem 2.5 requires orbifold quantum Lefschetz
[39] and the mirror theorem for toric stack bundles [32]. As mentioned in [18,
Remark 3.4] that neither orbifold quantum Lefschetz nor the mirror theorem
for toric stack bundles is true for general stacky pairs (X ,D). However, it
will not be a problem for us, since we will restrict our attention to toric
pairs. A root stack of a toric orbifold along a toric divisor is still a toric
orbifold whose mirror theorem is already known in [16]. Therefore, Theorem
2.2 directly implies a mirror theorem for toric orbifold pairs. See Theorem
3.11.
3. Preliminaries on toric orbifolds
3.1. Construction. Following the construction of [7], a toric orbifold is
defined by a stacky fan (N,Σ, ρ), where
● N is a lattice of rank n;
● Σ ⊂ NR = N ⊗Z R is a rational simplicial fan;
● ρ ∶ Zm → N is a map given by {b0,⋯, bm−1} ⊂ N . The bi’s are vectors
determining the rays of the stacky fan.
We denote by ∣Σ∣ ⊂ NR the support of Σ.
Following [31], we can include some additional vectors bm, . . . , bm′−1 ∈ N ∩∣Σ∣. The data
(N,Σ, ρS)
is called an extended stacky fan, where
ρS ∶ Zm′ → N
ei ↦ bi, for i ∈ {0,1, . . . ,m′ − 1},
where {ei}m′−1i=0 is the set of standard unit vectors of Zm′ . In this paper, we
choose {bj}m′−1j=m such that {bi}m−1i=0 ∪ {bj}m′−1j=m generates N over Z.
The fan sequence is
(5) 0Ð→ L ∶= ker(ρS) ψ∨Ð→ Zm′ ρSÐ→ N Ð→ 0.
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For I ⊂ {0,1,2,⋯,m′ − 1}, let σI be the cone generated by bi, i ∈ I and let
I be the complement of I in {0,1,2,⋯,m′ − 1}. The collection of anti-cones
A is defined as follows:
A ∶= {I ⊂ {0,1,2,⋯,m′ − 1} ∶ σI ∈ Σ} .
For I ⊂ {0,1, ...,m′ − 1}, define
CI ∶= {(z0, . . . , zm′−1) ∶ zi = 0 for i /∈ I} .
Let U be the open subset of Cm
′
defined as
U ∶= Cm′ ∖ ∪I/∈ACI .
The algebraic torus G ∶= L⊗Z C× acts on Cm′ via the map
G ∶= L⊗Z C× Ð→ (C×)m′ ,
which is obtained by tensoring C× to the fan sequence (5).
Definition 3.1 (see [7]). The toric orbifold X (Σ) is defined as the quotient
stack
X (Σ) ∶= [U/G].
Definition 3.2 ([7]). Given a cone σ in a stacky fan (N,Σ, ρ), we define the
set of box elements Box(σ) as follows
Box(σ) =∶ {v ∈ N ∶ v = ∑
bk⊆σ
ckbk for some ck ∈ [0,1) ∩Q} .
The set of box elements associated to the stacky fan (N,Σ, ρ) is defined to
be
Box(Σ) ∶= ∪σ∈ΣBox(σ).
According to [7], the connected components of the inertia stack IX (Σ)
are indexed by the elements of Box(Σ). Given v ∈ Box(Σ), we denote by Xv
the corresponding connected component of IX . When v ≠ 0, the connected
component Xv is called a twisted sector. The age of the twisted sector Xv
is defined by age(v) ∶= ∑
bk⊆σ
ck. We write Box(Σ)age=1 ⊂ Box(Σ) for the set of
box elements with ages equal to 1.
The Chen–Ruan cohomology H∗CR(X ,Q) for an orbifold is defined in [14].
For the toric orbifold X (Σ), the Chen–Ruan cohomology is given by
HdCR(X (Σ,Q)) = ⊕
v∈Box(Σ)
Hd−2age(v)(Xv,Q).
Applying HomZ(−,Z) to the fan sequence (5) gives the divisor sequence:
0Ð→M
(ρS)∨
Ð→ (Zm′)∨ ψ∨Ð→ L∨ → 0,(6)
where M ∶= N∨ = Hom(N,Z) and L∨ = Hom(L,Z). The Picard group
Pic(X (Σ)) of X (Σ) can be identified with the character group Hom(G,C×).
RELATIVE GW AND MIRROR MAP FOR TORIC CY 13
Let {e∨i }m′−1i=0 ⊂ (Zm′)∨ be the dual basis of {ei}m′−1i=0 ⊂ (Zm′). We also set:
Di ∶= ψ∨(e∨i ) ∈ L∨, i ∈ {0, . . . ,m′ − 1}.
The collection {Di}m−1i=0 of toric prime divisors corresponds to the generators{bi}m−1i=0 . Moreover, we have
H2(X (Σ);Z) ≅ (L∨ ⊗Q)/(m
′−1
∑
i=m
QDi).
There is a canonical splitting of the quotient map L∨ ⊗ Q → H2(X ,Q) as
described in [30, Section 3.1.2]. We briefly describe the splitting in here. For
m ≤ j ≤m′−1, each bj is contained in a cone of Σ. Let Ij ∈ A be the anticone
of the minimal cone containing bj . Then we have
bj =∑
i/∈Ij
cjibi ∈ N ⊗Q,
where cji ∈ Q≥0. By the divisor sequence (6) tensored with Q, we can find
unique D∨j ∈ L⊗Q such that
Di ⋅D∨j =
⎧⎪⎪⎪⎨⎪⎪⎪⎩
1 if i = j,
−cji if i /∈ Ij,
0 if ∈ Ij ∖ {j}.
(7)
These vectors D∨j define a decomposition
L∨ ⊗Q = Ker ((D∨m, . . . ,D∨m′−1) ∶ L∨ ⊗Q→ Qm′−m)⊕m
′−1
⊕
j=m
QDj .
The factor Ker ((D∨m, . . . ,D∨m′−1) ∶ L∨ ⊗Q → Qm′−m) is identified withH2(X ,Q)
under the quotient map L∨ ⊗Q → H2(X ,Q). Therefore, H2(X ,Q) can be
regarded as a subspace of L∨ ⊗Q.
The extended Ka¨hler cone C˜X is defined as
C˜X ∶= ⋂
I∈A
(∑
i∈I
R>0Di) ⊂ L∨ ⊗R.
The genuine Ka¨hler cone CX of X is the image of C˜X under L∨ ⊗ R →
H2(X ,R).
We set r ∶=m′ − n and r′ ∶=m − n. Then the rank of L∨ is r and the rank
of H2(X ,Z) is r′. We choose an integral basis {p1, . . . , pr} of L∨ such that
pa is in the closure cl(C˜X ) of C˜X for all a ∈ {1, . . . , r} and pr′+1, . . . , pr are in
∑mi=m′+1R≥0Di. The images p¯1, . . . , p¯r′ of p1, . . . , pr′ in H2(X ,R) are nef and
the images p¯r′+1, . . . , p¯r of pr′+1, . . . , pr are zero. We define a matrix (mia) by
Di =
r
∑
a=1
miapa, mia ∈ Z.
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Let D¯i be the image of Di under the quotient map L∨ ⊗ Q → H2(X ,Q).
Then for i = 0, . . . ,m − 1, the toric divisor D¯i is given by
D¯i =
r′
∑
a=1
miap¯a.
For m ≤ j ≤m′ − 1, we have
D¯j = 0.
Let {γ1, . . . , γr} ⊂ L be the dual basis of {p1, . . . , pr} ⊂ L∨ defined by
γa =
m′−1
∑
i=0
miaei ∈ (Z)m′ .
Then {γ1, . . . , γr′} forms a basis of Heff2 (X ,Q).
Definition 3.3 ([10], Definition 2.8). A toric orbifold X is semi-Fano if
ρˆ(X ) ∶= ∑m′−1i=0 Di is contained in the closure of the extended Ka¨hler cone
C˜X .
Remark 3.4. The semi-Fano condition depends on the choice of the extra
vectors bm, . . . , bm′−1. By [30, Lemma 3.3], we have
ρˆ(X ) = c1(X ) +m
′−1
∑
j=m
(1 − age(bj))Dj .
Hence, the semi-Fano condition holds if and only if the first Chern class
c1(X ) ∈ H2(X ;Q) of X is contained in the closure of the Ka¨hler cone CX
and age(bj) ≤ 1 for m ≤ j ≤m′ − 1.
When X is a toric variety, the semi-Fano condition is equivalent to the
condition that the anticanonical divisor −KX is nef.
Following [10], we only consider toric orbifolds that satisfy the following
assumption.
Assumption 3.5. We assume that we always choose the extra vectors bm . . . , bm′−1
such that
{bm . . . , bm′−1} = Box(Σ)age=1 ∶= {v ∈ Box(Σ)∣age(v) = 1}
and {b0, . . . , bm′−1} generates N over Z.
As in [30], we consider the following two subsets of L⊗Q:
K = {d ∈ L⊗Q;{i ∈ {0, . . . ,m′ − 1};Di ⋅ d ∈ Z} ∈ A};
Keff = {d ∈ L⊗Q;{i ∈ {0, . . . ,m′ − 1};Di ⋅ d ∈ Z≥0} ∈ A}.
For a real number r, let ⌈r⌉, ⌊r⌋ and ⟨r⟩ denote the ceiling, floor and fractional
part of r respectively. For d ∈ K, we define
v(d) ∶= m
′−1
∑
i=0
⌈Di ⋅ d⌉bi ∈ N.
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Note that v(d) is a box element since
v(d) = m
′−1
∑
i=0
(⟨−Di ⋅ d⟩ +Di ⋅ d)bi = m
′−1
∑
i=0
⟨−Di ⋅ d⟩bi ∈ N ⊗Q,
by the fan sequence (5). Therefore, if v(d) is not zero, it corresponds to a
twisted sector Xv(d) of the inertia stack IX of X .
3.2. Toric mirror theorems. In this section, we state the mirror theorem
for toric orbifolds proved in [16]. Recently, a mirror theorem for smooth
relative pairs is proved in [18]. In this paper, we will need a version of the
mirror theorem in [18] for toric orbifold pairs (X ,D), that is, a toric orbifold
X along with its toric prime divisor D. However, the mirror theorem in
[18] is only proved for the case when X is a smooth projective variety. In
the forthcoming paper [42], we will extend the relation between relative and
orbifold Gromov–Witten invariants to the pair (X ,D) when X is a smooth
Deligne-Mumford stack. However, such relation does not imply a mirror
theorem for orbifold relative pairs in general, since the corresponding mirror
theorem for root stacks is not known to be true as explained in [18, Remark
3.4]. In this paper, we only consider orbifold toric pairs, whose mirror theo-
rem holds since the corresponding root stacks are still toric orbifolds and a
mirror theorem for toric orbifolds is proved in [16].
We first consider the I-function for a toric orbifold X .
Definition 3.6. The I-function of a toric orbifold X is an H∗CR(X )-valued
power series defined by
IX (y, z) = et/z ∑
d∈Keff
yd (m
′−1
∏
i=0
∏a≤0,⟨a⟩=⟨Di ⋅d⟩(D¯i + az)
∏a≤Di⋅d,,⟨a⟩=⟨Di ⋅d⟩(D¯i + az))1v(d),
where t = ∑ra=1 p¯a log ya, yd = yp1⋅d1 ⋯ypr⋅dr and, 1v(d) ∈ H0(Xv(d)) is the funda-
mental class of the twisted sector Xv(d).
By [30, Lemma 4.2], when X is semi-Fano, the I-function is a convergent
power series in y1, . . . , yr. The I-function can be expanded as follows
IX (y, z) = 1 + τ(y)
z
+O(z−2),
where τ(y) ∈H≤2CR(X ) is called the mirror map.
Then we consider the J-function for a toric orbifold X .
Definition 3.7. The J-function of a toric orbifold X is defined as
JX (τ, z) = eτ0,2/z
⎛⎜⎜⎜⎝
1 + ∑
(d,l)≠(0,0)
d∈Heff2 (X )
∑
α
qd
l!
⟨ φα
z(z − ψ¯) , τtw, . . . , τtw⟩
X
0,1+l,d
φα
⎞⎟⎟⎟⎠
,
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where τ0,2 = ∑ra=1 p¯a log qa ∈ H2(X ), τtw = ∑m′−1j=m τbj1bj , qd = qp1⋅d1 ⋯qpr′ ⋅dr′ and,{φα},{φα} are dual basis of H∗CR(X ).
The mirror theorem for a toric orbifold X can be stated as an equality
between the J-function and the I-function via the mirror map.
Theorem 3.8 ([16], Theorem 31). Let X be a smooth semi-Fano toric orb-
ifold with a projective coarse moduli space, then we have
JX (τ(y), z) = IX (y, z),
where τ(q) is the mirror map.
For semi-projective semi-Fano toric orbifolds (e.g. toric Calabi–Yau orb-
ifolds), one can also state the equivariant mirror theorem. The mirror map
is still denoted by τ(q).
Now we turn our attention to the mirror theorem for a toric pair (X ,D),
where X is a toric orbifold and D is a toric divisor of X . We consider
the (non-extended) J-function and (non-extended) I-function for the pair(X ,D).
Definition 3.9. The (non-extended) J-function for a toric pair (X ,D) is
defined as
J(X ,D)(q, z) ∶= eτ0,2/z
⎛⎜⎜⎜⎝
1 + ∑
(l,d)≠(0,0)
d∈Heff2 (X )
∑
α
qd
l!
⟨ φα
z(z − ψ¯) , τtw, . . . , τtw⟩
(X ,D)
0,1+l,d
φα
⎞⎟⎟⎟⎠
,
Definition 3.10. The (non-extended) I-function for a toric pair (X ,D) is
defined as
I(X ,D)(y, z) = et/z ∑
d∈Keff
yd (m
′−1
∏
i=0
∏a≤0,⟨a⟩=⟨Di ⋅d⟩(D¯i + az)
∏a≤Di⋅d,,⟨a⟩=⟨Di ⋅d⟩(D¯i + az))
∏a≤D⋅d−1(D¯ + az)
∏a≤0(D¯ + az) 1v(d)
By Theorem 2.2, the genus zero relative Gromov–Witten invariants of(X ,D) are equal to the genus zero orbifold Gromov–Witten invariants of
the r-th root stack XD,r of X along the toric divisor D for sufficiently large
r. For simplicity, readers can also restrict their attention to the case when
X is a toric variety.
Theorem 3.11. Let X be a smooth semi-Fano toric orbifold with a projective
coarse moduli space and D be a toric prime divisor, then we have
J(X ,D)(τ(y), z) = I(X ,D)(y, z),
where τ(y) is called the (relative) mirror map which is the coefficient of the
z−1-term in I(X ,D)(y, z).
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3.3. Open Gromov–Witten invariants of toric orbifolds. Another ob-
ject that we want to review is the genus 0 open orbifold Gromov–Witten
invariants of toric orbifolds which is defined in [15]. We refer reads to [15]
and [10, Section 3] for more details about the definition.
Recall that X is a toric orbifold defined in Section 3.1. Let L ⊂ X be a
Lagrangian torus fiber of the moment map
µ ∶ X →MR ∶=M ⊗Z R.
Given i ∈ {0,1, . . . ,m− 1}, there is a smooth holomorphic disk intersects the
associated toric prime divisor Di with multiplicity one. Its homotopy class
is denoted by βi. Given a twisted sector v ∈ Box(Σ) of the toric orbifold X ,
there is a holomorphic orbi-disk. The homotopy class is denoted by βv. By
[15, Lemma 9.1], the relative homotopy group pi2(X ,L) is generated by the
classes βi for i = 0, . . . ,m − 1 together with βv for v ∈ Box(Σ) ∖ {0}. These
generators of pi2(X ,L) are called basic disk classes. Basic disk classes are the
analogue of Maslov index two disk classes for toric manifolds. The following
classification of basic disk classes is given in [15, Corollary 6.3 and Corollary
6.4]:
● The smooth holomorphic disks of Maslov index two are in a one-to-
one correspondence with the stacky vectors {b0, . . . , bm−1}.
● The holomorphic orbi-disks with one interior orbifold marked point
and desingularized Maslov index zero are in a one-to-one correspon-
dence with the twisted sectors v ∈ Box(Σ) ∖ {0} of the toric orbifold
X .
Let β ∈ pi2(X ,L) = H2(X ,L;Z) be a relative homotopy class. We con-
sider holomorphic orbi-disks in X bounded by L and representing the class
β. Let Xv1 , . . . ,Xvl be twisted sectors of X . Consider the moduli space
Mmain1,l (L,β, x⃗) of good representable stable maps from bordered orbifold
Riemann surfaces of genus zero with one boundary marked point and l in-
terior marked points of type x⃗ = (Xv1 , . . . ,Xvl) representing the class β ∈
pi2(X ,L). The superscript ”main” means that we have chosen a connected
component on which the boundary marked points respect the cyclic order
of S1 = ∂D2. Following [15], the moduli space Mmain1,l (L,β, x⃗) carries a
non-vanish virtual fundamental chain only if the following equality for the
Chern–Weil Maslov index µCW (β) of β holds:
µCW (β) = 2 + l∑
j=1
(2age(vj) − 2).
The following compactness of the disk moduli is proved in [10, Proposition
6.10]
Proposition 3.12 ([10], Proposition 6.10(c)). The disk moduliMmain1,l (L,βi+
α, x⃗) for every i = 0, . . . ,m′ − 1 and α ∈H2(X ,Z) is compact.
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Definition 3.13. Let β = βi + α ∈ pi2(X ,L) be a relative homotopy class,
for i ∈ {0, . . . ,m′ − 1} and α ∈ H2(X ,Z). The open orbifold Gromov–Witten
invariant nX
1,l,β
([pt]L;1v1 , . . . ,1vl) ∈ Q is defined to be the push-forward
nX1,l,β([pt]L;1v1 , . . . ,1vl) ∶= ev0∗([M1,l(L,β, x⃗)]vir) ∈Hn(L,Q) ≅ Q,
where ev0 ∶Mmain1,l (L,βi + α, x⃗) → L is evaluation at the boundary marked
point; [pt]L ∈ Hn(L,Q) is the point class of L; and 1vi ∈ H0(Xvi ,Q) is the
fundamental class of the twisted sector Xvi .
One can consider the following generating functions of open Gromov–
Witten invariants
1 + δopeni ∶= ∑
α∈Heff2 (X )
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
nX1,l,βi+α([pt]L,1v1 , . . . ,1vl)qα,
where βi is a basic smooth disk class for some i ∈ {0,1, . . . ,m − 1};
τv + δopenv ∶= ∑
α∈Heff
2
(X )
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
nX1,l,βv+α([pt]L,1v1 , . . . ,1vl)qα,
where βv is a basic orbi-disk class corresponding to a box element v ∈
Box(Σ)age=1.
3.4. Toric compactifications of toric Calabi–Yau orbifolds.
Definition 3.14 ([10], Definition 4.1). A Gorenstein toric orbifold X is
called Calabi–Yau if there exists a dual vector v ∈M = N∨ such that (v, bi) =
1 for all stacky vectors bi.
Let X be a toric Calabi–Yau orbifold associated to a stacky fan (N,Σ, b0, . . . , bm−1).
Then X is always simplicial. Following [10, Setting 4.3], we assume that the
coarse moduli space of the toric Calabi–Yau orbifold X is semi-projective.
Let β′ ∈ pi2(X ,L) be a basic disk class with Chern–Weil Maslov index 2,
where L is a Lagrangian torus fiber of the moment map µ0 ∶ X →M⊗ZR. We
have ∂β′ = bi0 ∈ N for some i0 ∈ {0,1, . . . ,m′ − 1}. The toric compactification
X¯ of X is constructed in [10, Construction 6.1] by adding a vector
b∞ ∶= −bi0 ∈ N.
The stacky fan for the toric compactification is
(N, Σ¯,{bi}m−1i=0 ∪ {b∞}),
where Σ¯ ⊂ NR is the smallest complete simplicial fan that contains Σ and
the ray R≥0b∞ ⊂ NR.
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Definition 3.15. The toric compactification X¯ is defined as the toric orb-
ifold associated to Σ¯. That is,
X¯ ∶= X (Σ¯).
The extra vectors {bm, . . . , bm′−1} ⊂ N are chosen to be the same as that for
X .
We further assume that X¯ is projective which means that bi0 ∈ N lies in
the interior of the support ∣Σ∣, see [10, Proposition 6.5].
Remark 3.16. The definition of the toric compatification X¯ of X depends
on the class β′.
We have X ⊂ X¯ . We write D∞ ∶= X¯ ∖ X for the toric prime divisor
corresponding to b∞.
Let β∞ ∈ pi2(X¯ ,L) be the basic disk class corresponding to b∞. The class
β¯′ ∶= β′ + β∞ belongs to H2(X¯ ,Q) since ∂(β′ + β∞) = b0 + b∞ = 0 ∈ N . We
have c1(X¯ ) ⋅ β¯′ = 2 and D∞ ⋅ β¯′ = 1. Moreover, we have the decompositions
H2(X¯ ,Q) =H2(X ,Q)⊕Qβ¯′ and Heff2 (X¯ ) =Heff2 (X )⊕Z≥0β¯′.
For any α ∈ Heff2 (X ), we have D∞ ⋅ α = 0 and c1(X¯ ) ⋅ α = 0. We write L¯, K¯
and K¯eff for the counterparts for X¯ of the spaces L,K and Keff . Then we
have the following decompositions
L¯ = L⊕Zd∞, K¯ = K⊕Zd∞, K¯eff = Keff ⊕Z≥0d∞,
where d∞ = ei0 + e∞ ∈⊕m′−1i=0 Zei ⊕Ze∞.
Consider L¯∨ ∶= Hom(L,Z), note that
rank(L¯∨) = r + 1 =m′ − n + 1, rank(H2(X¯ )) = r′ + 1 =m − n + 1.
We choose an integral basis
{p1, . . . , pr, p∞} ⊂ L¯∨
such that pa is in the closure of C˜X¯ for all a. We further require that{pr′+1, . . . , pr} ⊂∑m′−1i=m R≥0Di so that the images {p¯1, . . . p¯r′, p¯∞} of {p1, . . . , pr′ , p∞}
under the quotient map L¯∨ ⊗Q → H2(X¯ ,Q) form a nef basis of H2(X¯ ,Q)
and p¯a = 0 for a ∈ {r′ + 1, . . . , r}.
We define a matrix (mia) by
Di = ∑
a∈{1,...,r}∪{∞}
miapa, mia ∈ Z.
Let D¯i be the image of Di under L¯∨⊗Q→H2(X¯ ,Q). Then for i ∈ {0, . . . ,m−
1,∞}, the toric divisor D¯i is given by
D¯i = ∑
a∈{1,...,r′}∪{∞}
miap¯a.
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For m ≤ j ≤m′ − 1, we have
D¯j = 0.
By [10, Proposition 6.3], the toric orbifold X¯ is semi-Fano.
4. Computation of relative invariants
The goal of this section is to compute the following generating functions
of relative invariants
1 + δreli ∶= ∑
α∈Heff2 (X )
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α qα,
(8)
where β¯′ ∶= β′ + β∞, β′ = βi is a basic smooth disk class for some i ∈{0,1, . . . ,m − 1}, and the toric compactification X¯ is constructed using βi;
τv + δrelv ∶= ∑
α∈Heff
2
(X )
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α qα,
(9)
where β¯′ ∶= β′ + β∞, β′ = βv is a basic orbi-disk class corresponding to a box
element v ∈ Box(Σ)age=1, and the toric compactification X¯ is constructed
using βv.
4.1. Relative invariants via mirror theorem. Let X¯ be the toric com-
pactification of X corresponding to a basic (orbi-)disk class βi0 for some
i0 ∈ {0, . . . ,m′ − 1}. We consider the relative Gromov–Witten theory of(X¯ ,D∞). The J-function of (X¯ ,D∞) can be written as
J(X¯ ,D∞)(q, z) ∶= eτ0,2/z
⎛⎜⎜⎜⎝
1 + ∑
(l,d)≠(0,0)
d∈Heff2 (X¯ )
∑
α
qd
l!
⟨ φα
z(z − ψ¯) , τtw, . . . , τtw⟩
(X¯ ,D∞)
0,1+l,d
φα
⎞⎟⎟⎟⎠
,
where
τ0,2 ∈H2(X¯ ) and τtw = ∑
v∈Box(Σ)age=1
τv1v¯.
Note that the only relative marking is the first marking, {φα} and {φα} are
dual basis of i∗(H∗(X¯ )), where i ∶ D∞ ↪ X¯ is the inclusion map.
We want to extract invariants of the form
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯ ,
where β¯ = β¯′+α for some α ∈ Heff2 (X ). Note that the first marking is the only
relative marking and [pt]D∞ ∈ H2n−2(D∞) is the point class of the divisor
D∞.
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Expanding the J-function into a power series in 1/z yields
eτ0,2/z
⎛
⎝1 +∑n,d∑α
qd
n!
∑
k≥0
⟨φαψ¯k, τtw, . . . , τtw⟩(X¯ ,D∞)0,1+l,d φ
α
zk+2
⎞
⎠ .
Since there is no descendant insertions, we only consider the terms with k = 0.
Therefore, the invariants that we need are in the coefficient of the 1/z2-term
of J(X¯ ,D∞) that takes values in H
0(D∞). On the other hand, invariants in
the coefficient of the 1/z2-term of J(X¯ ,D∞) that takes values in H0(D∞) must
satisfy the virtual dimension constraint
(dimC X¯ − 3) + c1(X¯ ) ⋅ d −D∞ ⋅ d + l + 1 = l∑
i=1
age(vi) + dimC(D∞)(10)
Since dimC X¯ = dimC(D∞) + 1 and we choose vi ∈ Box(Σ)age=1, the virtual
dimension constraint (10) becomes
c1(X¯ ) ⋅ d −D∞ ⋅ d = 1.
Recall that d ∈ Heff2 (X¯ ) = Heff2 (X ) ⊕ Z≥0β¯′. Moreover, c1(X¯ ) ⋅ α = 0 and
D∞ ⋅α = 0 for α ∈Heff2 (X ); c1(X¯ ) ⋅ β¯′ = 2 and D∞ ⋅ β¯′ = 1. Therefore ,we must
have d = β¯′ + α for some α ∈ Heff2 (X ). So we conclude that the coefficient of
the 1/z2-term of J(X¯ ,D∞) that takes values in H0(D∞) consists exactly the
form of invariants that we want to extract.
Then, we turn our attention to the I-function of (X¯ ,D∞).
I(X¯ ,D∞)(y, z)
=et/z ∑
d∈K¯eff
yd (m
′−1
∏
i=0
∏a≤0,⟨a⟩=⟨Di ⋅d⟩(D¯i + az)
∏a≤Di⋅d,,⟨a⟩=⟨Di ⋅d⟩(D¯i + az))
∏a≤0(D¯∞ + az)
∏a≤D∞⋅d(D¯∞ + az)
∏a≤D∞⋅d−1(D¯∞ + az)
∏a≤0(D¯∞ + az) 1v(d)
=et/z ∑
d∈K¯eff
yd (m
′−1
∏
i=0
∏a≤0,⟨a⟩=⟨Di ⋅d⟩(D¯i + az)
∏a≤Di⋅d,⟨a⟩=⟨Di ⋅d⟩(D¯i + az))
1
D¯∞ + (D∞ ⋅ d)z1v(d)
=1 + τ(y)
z
+ h.o.t,
where τ(y) is a function with values in i∗(H2(X¯ )) ⊂ H2(D∞). The toric
mirror map for X¯ is defined to be the map y ↦ q(y) ∶= exp τ(y). Note that
if D∞ ⋅ d = 0, then the factor 1D∞+(D∞ ⋅d)z = 1.
The toric mirror theorem for the pair is the following
J(X¯ ,D∞)(q(y), z) = I(X¯ ,D∞)(y, z).
We consider the coefficient of the 1/z2-term of I(X¯ ,D∞)(y, z) that takes
values in H0(X¯ ). Consider the expansion of the factor
∏a≤0,⟨a⟩=⟨Di ⋅d⟩(D¯i + az)
∏a≤Di⋅d,⟨a⟩=⟨Di ⋅d⟩(D¯i + az) .
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We write
1
D¯i + az =
1
az(1 + D¯i/az)
and expand it as 1/z-series. For terms with values in H0(D∞), we need
v(d) = 0, that is, 1v(d) = 1 ∈H0(X¯ ).
Therefore, we must have
Di ⋅ d ∈ Z, for i ∈ {0, . . . ,m′ − 1} ∪ {∞}.
For i ∈ {0, . . . ,m′ − 1}, there are three possibilities:
(1) Di ⋅ d > 0: it contributes the factor 1(Di ⋅d)!zDi⋅d .
(2) Di ⋅ d = 0: it contributes 1.
(3) Di ⋅ d < 0: it contributes a factor of Di, which is not allow.
Note that 1
D¯∞+(D∞⋅d)z
contribute a factor 1(D∞⋅d)z if D∞ ⋅ d > 0. Otherwise,
the contribution is 1. Hence the part of the 1/z2 that takes values in H0(D∞)
is
(1) ∑d yd(∏m′−1i=0 (Di ⋅d)!)D∞⋅d , if D∞ ⋅ d > 0;
(2) ∑d yd(∏m′−1i=0 (Di ⋅d)!) , if D∞ ⋅ d = 0.
where the sum is over all d such that
(1) if D∞ ⋅ d > 0, then (∑m′−1i=0 Di ⋅ d) + 1 = 2 and Di ⋅ d ≥ 0 for all i ∈{0,1, . . . ,m′ − 1} ∪ {∞};
(2) if Dm ⋅d = 0, then ∑m′−1i=0 Di ⋅d = 2 and Di ⋅d ≥ 0 for all i ∈ {0,1, . . . ,m′−
1}.
For case (1), we have D∞ ⋅ d > 0, Dj ⋅ d = 1, for exactly one j ∈ {0, . . . ,m′ − 1}
and Di ⋅ d = 0 for all other i. Therefore, we have j = i0 and D∞ ⋅ d = 1. We
simply have yd∞. Note that there are actually two possibilities: if 0 ≤ i0 ≤
m − 1, then d∞ = ei0 + e∞ = β¯′ ∈ H2(X¯ ,Q); if m ≤ i0 ≤ m′ − 1, then d∞ is not
a class in H2(X¯ ,Q).
Case (2) will not happen, since ∑m′−1i=0 Di ⋅ d = 2 and Di ⋅ d ≥ 0 for all
i = 0,1, . . . ,m′ − 1 would imply D∞ ⋅ d > 0. Indeed, since we can not have
Di ⋅ d = 0 for all but one i, we must be in the case that there are exactly two
indices j1, j2 such that Dj1 ⋅d = Dj2 ⋅d = 1 and Di ⋅d = 0, for i ≠ j1, j2. Since b∞
lies in the half-space of NR⊕R which is opposite to the half-space containing
all the other vectors b0, . . . , bm′−1, we must have∞ ∈ {j1, j2}. Hence D∞ ⋅d > 0.
It is a contradiction.
Therefore, by the mirror theorem for toric pairs, we obtain the following
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Proposition 4.1. The following equality holds:
yd∞ = ∑
α∈Heff
2
(X )
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α qβ¯′+α,
Therefore, in order to compute these invariants, we need to compute the
mirror map.
4.2. Toric mirror map. Toric mirror map for (X¯ ,D∞) is given by the
coefficient of the 1/z-term of the I-function I(X¯ ,D∞)(y, z) that takes values
in H2(X ). We will see that it coincides with the toric mirror map for X¯ .
Lemma 4.2. The product factor can be written as
m′−1
∏
i=0
∏a≤0,⟨a⟩=⟨Di ⋅d⟩(D¯i + az)
∏a≤Di⋅d,⟨a⟩=⟨Di ⋅d⟩(D¯i + az) = z
−ρˆ(X )⋅d−age(v(d))
m′−1
∏
i=0
∏a≤0,⟨a⟩=⟨Di ⋅d⟩(D¯i/z + a)
∏a≤Di⋅d,⟨a⟩=⟨Di ⋅d⟩(D¯i/z + a)
Proof. This is a direct computation. 
Recall that we also have the factor
1
D¯∞ + (D∞ ⋅ d)z =
1
(D∞ ⋅ d)z(1 + D¯∞/((D∞ ⋅ d)z)) , if D∞ ⋅ d > 0.
We want to extract the coefficient of z−1-term for the relative I-function
I(X¯ ,D∞)(y, z), there are two possibilities
(1) if D∞ ⋅ d > 0, we need
ρˆ(X ) ⋅ d + age(v(d)) = 0, and Di ⋅ d ≥ 0, for all 0 ≤ i ≤m′ − 1
It means that Di ⋅ d = 0 for all 0 ≤ i ≤ m′ − 1, but D∞ ⋅ d = 1. Such a
class d ∈ K¯eff does not exist.
(2) D∞ ⋅ d = 0, then we have d ∈ Keff . Therefore, we have
m′−1
∑
i=0
Di ⋅ d = 0.
If v(d) = 0, then,
#{i ∶ Di ⋅ d < 0,0 ≤ i ≤m − 1} = 1,
where #{i ∶ ⋯} means the number of i that satisfies the condition.
Hence the contribution to the coefficient of z−1 of the relative I-
function I(X¯ ,D∞)(y, z) is
m−1
∑
j=0
gj(y)D¯j,
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where
gj(y) ∶= ∑
d∶c1(X )⋅d=0
Dj ⋅d<0
Di⋅d≥0,∀i≠j
v(d)=0
(−1)Dj ⋅d−1(−Dj ⋅ d − 1)!
∏i≠j(Di ⋅ d)! y
d,(11)
for 0 ≤ j ≤m − 1.
If v(d) ≠ 0, then
#{i ∶ Di ⋅ d < 0,0 ≤ i ≤m − 1} = 0, and age v(d) = 1.
By Assumption 3.5, v(d) = bj for some m ≤ j ≤ m′ − 1. Hence
the contribution to the coefficient of z−1 of the relative I-function
I(X¯ ,D∞)(y, z) is
m′−1
∑
j=m
gj(y)1bj ,
where
gj(y) ∶= ∑
d∶c1(X )⋅d=0
Di⋅d≥0,∀i
v(d)=bj
m′−1
∏
i=0
∏a≤0,⟨a⟩=⟨Di ⋅d⟩(a)
∏a≤Di ⋅d,⟨a⟩=⟨Di ⋅d⟩(a)y
d,(12)
for m ≤ j ≤m′ − 1.
The coefficient of the 1/z-term in the relative I-function can be expressed
as
r′
∑
a=1
(p¯a log ya) + p¯∞ log y∞ + m−1∑
j=0
gj(y)D¯j + m
′−1
∑
j=m
gj(y)1bj
The coefficient of the 1/z-term of the J-function is given by
r′
∑
a=1
p¯a log qa + p¯∞ log q∞ +
m′−1
∑
i=m
τbj1bj
The toric mirror map for (X¯ ,D∞) is obtained by comparing the 1/z-
coefficients of the J-function and I-function. Therefore, we have
log qa = log ya +
m−1
∑
j=0
mjagj(y), a ∈ {1, . . . , r′} ∪ {∞},
τbj = gj(y), j ∈ {m. . . ,m′ − 1}.
Let us take a closer look at the case when a =∞. When β′ = βi0 is a basic
smooth disk class, we have mi0∞ = 1,m∞∞ = 1 and mj∞ = 0 for j ≠ i0,∞. We
have
log q∞ = log y∞ + gi0(y)
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When β′ = βvj0 is a basic orbi-disk class, we have mj0∞ = 1,m∞∞ = 1 and
mj∞ = 0 for j ≠ j0,∞. In particular, it means that mj∞ = 0 for all j ∈{0, . . . ,m − 1}. We simply have
log q∞ = log y∞.
We summarize our computation in the following proposition.
Proposition 4.3. The toric mirror map for (X¯ ,D∞) is of the following
form. For a ∈ {1, . . . , r′},
log qa = log ya +
m−1
∑
j=0
mjagj(y).
For j ∈ {m. . . ,m′ − 1},
τbj = gj(y).
For a =∞, when β′ = βi0 is a basic smooth disk class, we have
log q∞ = log y∞ + gi0(y);
when β′ = βvj0 is a basic orbi-disk class, we have
log q∞ = log y∞.
The toric mirror map for X was computed in [10, Proposition 6.15] via a
similar computation.
Proposition 4.4 ([10], Proposition 6.15). The toric mirror map for the toric
Calabia–Yau orbifold X is given by
log qa = log ya +
m−1
∑
j=0
mjagj(y), a ∈ {1, . . . , r′},
τbj = gj(y), j ∈ {m. . . ,m′ − 1},
where the functions gj(y) are defined in (11) and (12).
By Proposition 4.1, we can write the following generating function for
relative invariants as
∑
α∈Heff
2
(X )
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α qα = yd∞q−β¯′
We can explicitly compute these relative invariants. The result gives an
enumerative meaning of the inverse of the toric mirror map of X in terms of
relative Gromov–Witten invariants.
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Theorem 4.5. If β′ = βi0 is a basic smooth disk class for some i0 ∈ {0,1, . . . ,m−
1}, then we have
1 + δreli0 ∶= ∑
α∈Heff
2
(X )
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α qα
= exp(−gi0(y(q, τ))),
where y = y(q, τ) is the inverse of the toric mirror map of X in Proposition
4.4.
Proof. By Proposition 4.1, it remains to compute yd∞q−β¯
′
. Since β′ = βi0 is
a basic smooth disk class, we have β¯′ = d∞. Furthermore, we have
D∞ = p∞; p∞ ⋅ d∞ = 1; D¯i ⋅ d∞ = Di ⋅ d∞,∀i; p¯a ⋅ d∞ = pa ⋅ d∞,∀a.
Therefore,
log qd∞ − log yd∞
=
r′
∑
a=1
(p¯a ⋅ d∞) log qa + (p¯∞ ⋅ d∞) log q∞ − log yd∞.
=
r′
∑
a=1
(p¯a ⋅ d∞)(log ya + m−1∑
j=0
mjagj(y)) + (log y∞ + gi0(y)) − log yd∞
=(m−1∑
j=0
( r
′
∑
a=1
mja(p¯a ⋅ d∞)) gj(y)) + gi0(y)
=(m−1∑
j=0
(Dj ⋅ d∞ −mj∞(p¯∞ ⋅ d∞)) gj(y)) + gi0(y)
=(m−1∑
j=0
(mj∞ −mj∞) gj(y)) + gi0(y)
=gi0(y),
where the third line follows from Proposition 4.3 and the rest of the lines
follow from our toric setting. Then the theorem follows. 
Theorem 4.6. If β′ = βvj0 is a basic orbi-disk class corresponding to a box
element vj0 ∈ Box(Σ)age=1 for some j0 ∈ {m, . . . ,m′ − 1}, then we have
τvj0 + δrelvj0 ∶= ∑
α∈Heff
2
(X )
∑
l≥0
∑
v1,...vl∈Box(Σ)age=1
∏li=1 τvi
l!
⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α qα
=yD∨j0 exp⎛⎝− ∑i/∈Ij0 cj0igi0(y(q, τ))
⎞
⎠ ,
where y = y(q, τ) is the inverse of the toric mirror map of X in Proposition
4.4; D∨j0 is the class defined in (7); Ij0 ∈ A is the anticone of the minimal
cone containing bj0 = ∑i/∈Ij0 cj0ibi.
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Proof. Since β′ = βvj0 is a basic orbi-disk class, we have
β¯′ = ⎛⎝∑i/∈Ij0 cj0iei
⎞
⎠ + e∞, and d∞ = ej0 + e∞.
Therefore, by the definition of D∨j0 in (7),
d∞ − β¯′ =D∨j0 ∈ Keff .
Hence, we have
yd∞q−β¯
′ = yD∨j0yβ¯′q−β¯′ .
Now it remains to compute yβ¯
′
q−β¯
′
. We have
log qβ¯
′ − log yβ¯′
=
r′
∑
a=1
(p¯a ⋅ β¯′) log qa + (p¯∞ ⋅ β¯′) log q∞ − log yβ¯′
=
r′
∑
a=1
(p¯a ⋅ β¯′)(log ya + m−1∑
i=0
miagi(y)) + (p¯∞ ⋅ β¯′) log y∞ − log yβ¯′
=
r′
∑
a=1
(p¯a ⋅ β¯′)(log ya) + r
′
∑
a=1
(p¯a ⋅ β¯′)(m−1∑
i=0
miagi(y)) + (p¯∞ ⋅ β¯′) log y∞ − log yβ¯′
=
m−1
∑
i=0
( r
′
∑
a=1
mia(p¯a ⋅ β¯′)gi(y))
=
m−1
∑
i=0
((D¯i ⋅ β¯′)gi(y))
= ∑
i/∈Ij0
cj0igi0(y).
where the third line follows from Proposition 4.3, the sixth line follows from
the fact that mi∞ = 0 for i ∈ {0, . . . ,m − 1}, and the rest of the lines follow
from our toric setting. Then the theorem follows. 
4.3. Relative invariants as disk countings. The formulas for the genus
zero open orbifold Gromov–Witten invariants was proved in [10] by relating
open invariants of toric Calabi–Yau orbifold X with certain (absolute) closed
invariants of the toric compactification X¯ . Then the corresponding closed
invariants were computed via toric mirror theorem.
Theorem 4.7 ([10], Theorem 6.19). If β′ = βi0 is a basic smooth disk class
for some i0 ∈ {0,1, . . . ,m − 1}, then we have
1 + δopeni0 = exp(−gi0(y(q, τ))),
where y = y(q, τ) is the inverse of the toric mirror map of X in Proposition
4.4.
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Theorem 4.8 ([10], Theorem 6.20). If β′ = βvj0 is a basic orbi-disk class
corresponding to a box element vj0 ∈ Box(Σ)age=1 for some j0 ∈ {m, . . . ,m′−1},
then we have
τvj0 + δopenvj0 = y
D∨j0 exp
⎛
⎝− ∑i/∈Ij0 cj0igi0(y(q, τ))
⎞
⎠ ,
where y = y(q, τ) is the inverse of the toric mirror map of X in Proposition
4.4; D∨j0 is the class defined in (7); Ij0 ∈ A is the anticone of the minimal
cone containing bj0 = ∑i/∈Ij0 cj0ibi.
As a direct consequence of Theorem 4.5, Theorem 4.6, Theorem 4.7 and
Theorem 4.8, we have the following equality between open invariants and
relative invariants
Theorem 4.9. For i0 ∈ {0,1, . . . ,m − 1}, we have
1 + δopeni0 = 1 + δreli0 .
For j0 ∈ {m + . . . ,m′ − 1}, we have
τvj0 + δopenvj0 = τvj0 + δrelvj0 .
In other words, the following open invariants and relative invariants are
equal:
nX1,l,β′+α([pt]L,1v1 , . . . ,1vl) = ⟨[pt]D∞,1v¯1 , . . . ,1v¯l⟩(X¯ ,D∞)0,1+l,β¯′+α ,
where β¯′ = β′ + β∞ and β′ ∈ pi2(X ,L) is either a smooth disk class or an
orbi-disk class.
Remark 4.10. Geometrically, the equality between open invariants and
relative invariants can be understood as follows. Open invariants of X are
considered as virtual counts of orbi-disks in X . On the other hand, relative
invariants of (X¯ ,D∞) with one relative marking can be viewed as virtual
counts of orbi-curves in X¯ that meet with the divisor D∞ at one point.
Hence these relative invariants can also be understood as virtual counts of
orbi-disks in X = X¯ ∖ D∞, the complement of the divisor D∞ of the toric
compactification X¯ of X . Therefore, the relative invariants in Theorem 4.9
can be viewed as an algebro-geometric version of counting disks in X . This
heuristic view can be seen in several literatures, see for example [25]. Hence,
Theorem 4.9 shows that the symplectic and algebraic ways of counting disks
coincide for toric Calabi-Yau orbifolds.
Remark 4.11. Note that open invariants with different disk classes corre-
spond to relative invariants of different toric compactification X¯ . There is a
one-to-one correspondence between basic disk classes and toric compactifi-
cations.
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5. Mirror construction
The instanton-corrected SYZ mirror construction for toric Calabi–Yau orb-
ifolds was carried out in [10, Section 5]. The instanton corrections were
obtained by taking a family version of Fourier transformations of gener-
ating functions of genus 0 open orbifold Gromov–Witten invariants which
count orbifold disks with Chen-Weil Maslov index 2. By Theorem 4.9, we
replace open Gromov–Witten invariants with relative Gromov–Witten in-
variants (with one relative marking).
Recall that, X is a toric Calabi–Yau orbifold. Let v ∈ M be the vector
such that (v, bi) = 1 for all stacky vectors bi. The vector v ∈M corresponds
to a holomorphic function ω ∶ X → C. The complexified extended Ka¨hler
moduli space of X is defined as
MK(X ) ∶= (C˜X +√−1H2(X ,R)) /H2(X ,Z) + m
′−1
∑
j=m
CDj ,
where the elements of MK(X ) are represented by complexified extended
Ka¨hler class
ωC = ω +√−1ω′ +m
′−1
∑
j=m
τjDj
with ω ∈ CX , ω′ ∈H2(X ,R) and τj ∈ C. We have
qa = exp (−2pi∫
γa
(ω +√−1ω′)) , a = 1, . . . , r′,
where {γ1, . . . , γr′} is the integral basis of H2(X ,Z) in Section 3.1.
The SYZ mirror of X equipped with a Gross fibration µ ∶ X → B is given
in [10, Theorem 1.1]. Consider Ci,Cvj ∈ C with the following relations
m−1
∏
i=0
Cmiai = qa, a = 1, . . . , r′,
m−1
∏
i=0
Cmiai
m′−1
∏
j=m
C
mja
vj =
m′−1
∏
j=m
(qD∨j )−mja , a = r′ + 1, . . . , r,
where qD
∨
j =∏r′a=1 qpa⋅D
∨
j
a . One can define the following function.
G(q,τ)(z1, . . . , zn−1) = m−1∑
i=0
Ci(1 + δopeni )zbi +
m′−1
∑
j=m
Cvj(τvj + δopenvj )zvj ,
The the SYZ mirror of X with a hypersurface removed is given by
Xˇq,τ = {(u, v, z1, . . . , zn−1) ∈ C2 × (C×)n−1∣uv = G(q,τ)(z1, . . . , zn−1)}.
The SYZ mirror of X without a hypersurface removed is given by the Landau–
Ginzburg model (Xˇ ,W ) where W ∶ Xˇ → C is the holomorphic function
W ∶= u.
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By Theorem 4.9, the SYZ mirror can be written in terms of relative in-
variants instead of open invariants
Theorem 5.1. Let X be a toric Calabi–Yau orbifold equipped with the Gross
fibration, the SYZ mirror of X (with a hypersurface removed) is the family
of non-compact Calabi–Yau
Xˇq,τ = {(u, v, z1, . . . , zn−1) ∈ C2 × (C×)n−1∣uv = G(q,τ)(z1, . . . , zn−1)},
where
G(q,τ)(z1, . . . , zn−1) = m−1∑
i=0
Ci(1 + δreli )zbi +m
′−1
∑
j=m
Cvj(τvj + δrelvj )zvj ,
The SYZ mirror of X without removing a hypersurface is given by a
Landau–Ginzburg model (Xˇ ,W ), where W ∶ Xˇ → C is the holomorphic func-
tion W ∶= u.
Remark 5.2. As mentioned in [25], heuristically, holomorphic disks in X∖D
can be approximated by proper rational curves meeting the divisor D in a
single point. Therefore, one can consider relative invariants of (X,D) as an
algebro-geometric analogue of a Maslov index two holomorphic disk in X .
Since relative invariants are defined in much more general context than open
invariants, Theorem 5.1 suggests that relative invariants may play crucial
roles in mirror construction in general. In particular, in the forthcoming
paper [43], we will prove that certain relative invariants give an enumerative
meaning of the mirror map for semi-Fano toric orbifolds and can be used to
construct their mirrors.
Remark 5.3. LetMC(Xˇ ) be the complex moduli space of the mirror Xˇ de-
fined in [10, Section 7.1.2]. Then the SYZ map FSYZ(q, τ) in [10, Definition
7.1] can be defined using relative invariants. Then the open mirror theorems
in [10, Section 7.2] can be stated in terms of relative invariants. In other
words, the SYZ map, defined by replacing open invariants with relative in-
variants, is inverse to the toric mirror map. The SYZ map also coincides with
the inverse of the mirror map defined in terms of period integrals. Therefore,
this gives an enumerative meaning of the period integrals.
Appendix A. Genus zero relative/orbifold correspondence
with stacky targets
In this section, we briefly describe the proof of the equality between genus
zero relative and orbifold invariants with stacky targets. More details will
be appeared in the forthcoming paper with H.-H. Tseng in [42], where we
will prove the relation between relative and orbifold invariants with stacky
targets in all genera. The result generalizes the result of [41] to stacky
targets. Higher genus case requires some extra works as it requires certain
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polynomiality, but the proof for genus zero invariants is a straight adaptation
of [41, Section 5].
Let X be a smooth proper Deligne–Mumford stack and D ⊂ X a smooth
irreducible divisor. We study the relation between genus zero relative in-
variants of the pair (X ,D) and genus zero orbifold invariants of the r-th
root stack XD,r of X along the divisor D. The proof can be divided into the
following two steps.
Step 1: reduction to local models. It is observed in [40, Section 2.3] and
[41, Section 3] that the comparison between relative invariants and
orbifold invariants is local over the divisor. Therefore, it is sufficient
to compare the relative local models.
The reduction is achieved by applying degeneration formula to both
XD,r and (X ,D). Define Y ∶= P(O⊕ND), where N is the normal bun-
dle of D ⊂ X . The r-th root stack of Y along the zero section D0 ⊂ Y
is denoted by YD0,r. The degeneration formula allows one to write the
orbifold invariants of XD,r as a sum of products of orbifold-relative
invariants of (YD0,r,D∞) and relative invariants of (X ,D). On the
other hand, the degeneration formula allows one to write the relative
invariants of the pair (X ,D) as a sum of products of relative invari-
ants of (Y,D0∪D∞) and the relative invariants of (X ,D). Notice that
the two summations range over the same intersection profiles along
D, the comparison reduces to the comparison between the invariants
of the following pairs
(YD0,r,D∞) ,and (Y,D0 ∪D∞),
which are called relative local models in [41].
Step 2: virtual localization. As discussed in [41], it is sufficient to general-
ize [41, Lemma 5.2] to the case when the divisor D is stacky. The
proof for the case when the divisor D is stacky follows from the same
path. The natural fiberwise C∗-action on Y induces C∗-actions on
the relevant moduli spaces of stable maps to relative local models.
[41, Lemma 5.2] is proved via (C∗)-virtual localization. Localization
formula can be written in terms of decorated graphs. The edge con-
tributions will be trivial as explained in [41]. By comparing vertex
contributions, one yields the desired formula.
Remark A.1. The equality between relative and orbifold invariants is ac-
tually on the level of virtual cycles as the two steps described above are on
cycle level. We refer the readers to [20, Section 6] for more details of how to
adapt the above argument to obtain an equality between virtual cycles. A
different approach is presented in [2].
32 FENGLONG YOU
References
[1] D. Abramovich, Lectures on Gromov-Witten invariants of orbifolds. in: “Enumerative
invariants in algebraic geometry and string theory”, 1–48, Lecture Notes in Math.,
1947, Springer, Berlin, 2008.
[2] D. Abramovich, C. Cadman, J. Wise, Relative and orbifold Gromov-Witten invari-
ants. Algebr. Geom. 4 (2017), no. 4, 472–500.
[3] D. Abramovich, T. Graber, A. Vistoli, Algebraic orbifold quantum products. in: “Orb-
ifolds in mathematics and physics (Madison, WI, 2001)”, 1–24, Contemp. Math., 310,
Amer. Math. Soc., Providence, RI, 2002.
[4] D. Abramovich, T. Graber, A. Vistoli, Gromov-Witten theory of Deligne-Mumford
stacks. Amer. J. Math. 130 (2008), no. 5, 1337–1398.
[5] D. Auroux, Mirror symmetry and T-duality in the complement of an anticanonical
divisor. J. Gkova Geom. Topol. GGT 1 (2007), 51–91.
[6] D. Auroux, Special Lagrangian fibrations, wall-crossing, and mirror symmetry. Sur-
veys in differential geometry. Vol. XIII. Geometry, analysis, and algebraic geometry:
forty years of the Journal of Differential Geometry, 1–47, Surv. Differ. Geom., 13,
Int. Press, Somerville, MA, 2009.
[7] L. Borisov, L. Chen, G. Smith, The orbifold Chow ring of toric Deligne-Mumford
stacks. J. Amer. Math. Soc. 18 (2005), no.1, 193–215.
[8] C. Cadman, Using stacks to impose tangency conditions on curves. Amer. J. Math.
129 (2007), no. 2, 405–427.
[9] C. Cadman, L. Chen, Enumeration of rational plane curves tangent to a smooth
cubic. Adv. Math. 219 (2008), no. 1, 316–343.
[10] H. Chan, C.-H. Cho, S.-C. Lau, H.-H. Tseng, Gross fibrations, SYZ mirror symmetry,
and open Gromov-Witten invariants for toric Calabi-Yau orbifolds. J. Differential
Geom. 103 (2016), no. 2, 207–288.
[11] K. Chan, S.-C. Lau, N. C. Leung, SYZ mirror symmetry for toric Calabi-Yau mani-
folds. J. Differential Geom. 90 (2012), no. 2, 177–250.
[12] K. Chan, S.-C. Lau, H.-H. Tseng, Enumerative meaning of mirror maps for toric
Calabi-Yau manifolds. Adv. Math. 244 (2013), 605–625.
[13] W. Chen, Y. Ruan, Orbifold Gromov-Witten theory. in: “Orbifolds in mathematics
and physics (Madison, WI, 2001)”, 25–85, Contemp. Math., 310, Amer. Math. Soc.,
Providence, RI, 2002.
[14] W. Chen, Y. Ruan, A new cohomology theory of orbifold. Comm. Math. Phys. 248
(2004), no. 1, 131.
[15] C.-H. Cho, M. Poddar, Holomorphic orbi-discs and Lagrangian Floer cohomology of
symplectic toric orbifolds. J. Differential Geom. 98 (2014), no. 1, 21116.
[16] T. Coates, A. Corti, H. Iritani, H.-H. Tseng, A Mirror Theorem for Toric Stacks.
Compos. Math. 151 (2015), no. 10, 1878–1912.
[17] T. Coates, A. Gholampour, H. Iritani, Y. Jiang, P. Johnson, C. Manolache, The
quantum Lefschetz hyperplane principle can fail for positive orbifold hypersurfaces,
Math. Res. Lett. 19 (2012), no. 5, 997–1005.
[18] H. Fan, H.-H. Tseng, F. You, Mirror theorems for root stacks and relative pairs.
arXiv:1811.10807.
[19] H. Fan, L. WuWDVV equation and its application to relative Gromov–Witten theory.
arXiv:1902.05739.
[20] H. Fan, L. Wu, F. You, Structures in genus-zero relative Gromov–Witten theory.
arXiv:1810.06952.
[21] H. Fan, L. Wu, F. You, Double ramification cycles and higher genus relative Gromov–
Witten theory. In preparation
RELATIVE GW AND MIRROR MAP FOR TORIC CY 33
[22] A. Givental, Equivariant Gromov–Witten invariants. Internat. Math. Res. Notices
1996, no. 13, 613–663.
[23] A. Givental, A mirror theorem for toric complete intersections. Topological field the-
ory, primitive forms and related topics (Kyoto, 1996), 141–175, Progr. Math., 160,
Birkhuser Boston, Boston, MA, 1998.
[24] A. Givental, Symplectic geometry of Frobenius structures. Frobenius manifolds, 91–
112, Aspects Math., E36, Friedr. Vieweg, Wiesbaden, 2004.
[25] M. Gross, P. Hacking, S. Keel, Mirror symmetry for log Calabi-Yau surfaces I. Publ.
Math. Inst. Hautes tudes Sci. 122 (2015), 65–168.
[26] M. Gross, R. Pandharipande, B. Siebert, The tropical vertex. Duke Math. J. 153
(2010), no. 2, 297–362.
[27] M. Gross, B. Siebert, From real affine geometry to complex geometry. Ann. of Math.
(2) 174 (2011), no. 3, 1301–1428.
[28] M. Gross, B. Siebert, Local mirror symmetry in the tropics. Proceedings of the In-
ternational Congress of Mathematicians–Seoul 2014. Vol. II, 723–744, Kyung Moon
Sa, Seoul, 2014.
[29] E. Ionel, T. Parker,Relative Gromov-Witten invariants. Ann. of Math. (2) 157 (2003),
no. 1, 45–96.
[30] H. Iritani, An integral structure in quantum cohomology and mirror symmetry for
toric orbifolds. Adv. Math. 222 (2009), 1016–1079.
[31] Y. Jiang, The orbifold cohomology ring of simplicial toric stack bundles. Illinois J.
Math. 52 (2008), no. 2, 493–514.
[32] Y. Jiang, H.-H. Tseng, F. You, The quantum orbifold cohomology of toric stack bun-
dles. Lett. Math. Phys. 107 (2017), no. 3, 439–465.
[33] S.-C, Gross-Siebert’s slab functions and open GW invariants for toric Calabi-Yau
manifolds. Math. Res. Lett. 22 (2015), no. 3, 881–898.
[34] A.-M. Li and Y. Ruan, Symplectic surgery and Gromov-Witten invariants of Calabi-
Yau 3-folds. Invent. Math. 145 (2001), no. 1, 151–218.
[35] J. Li, Stable morphisms to singular schemes and relative stable morphisms. J. Differ-
ential Geom. 57 (2001), no. 3, 509–578.
[36] J. Li, A degeneration formula of GW-invariants. J. Differential Geom. 60 (2002), no.
2, 199–293.
[37] B. Lian, K. Liu, S.-T. Yau, Mirror principle. I. Asian J. Math. 1 (1997), no. 4,
729–763.
[38] A. Strominger, S.-T. Yau, E. Zaslow, Mirror symmetry is T-duality. Nuclear Phys.
B 479 (1996), no. 1-2, 243–259.
[39] H.-H. Tseng, Orbifold quantum Riemann-Roch, Lefschetz and Serre. Geom. Topol.
14 (2010), no. 1, 1–81.
[40] H.-H. Tseng, F. You, Higher genus relative and orbifold Gromov–Witten invariants
of curves. arXiv:1804.09905.
[41] H.-H. Tseng, F. You, Higher genus relative and orbifold Gromov-Witten invariants.
arXiv:1806.11082.
[42] H.-H. Tseng, F. You, In preparation.
[43] F. You, In preparation.
Department of Mathematical and Statistical Sciences, 632 CAB, Univer-
sity of Alberta, Edmonton, AB, T6G 2G1, Canada
E-mail address : fenglong@ualberta.ca
